arXiv.cond-mat/0005111 vl 5 May 2000

Strong correlations in low dimensional conductors.
What are they, and where are the challenges?

A.-M.S. Tremblay , C. Bourbonnais and D. Senecal
Departement de physique et Centre de recherche sur les propri etes electroniques de materiaux avances,
Institut canadien de recherches avancees,
Universit e de Sherbrooke, Sherbrooke,
Quelec, J1K 2R1, Canada
(April 2000)

This paper is written asa brief intro duction for beginning graduate students. The picture of electron
waves moving in a cristalline potential and interacting weakly with eac other and with cristalline
vibrations su ces to explain the properties of technologically important materials such as semicon-
ductors and also simple metals that become superconductors. In magnetic materials, the relevant
picture is that of electrons that are completely localized, spin being left asthe only relevant degree
of freedom. A number of recertly discovered materials with unusual properties do not t in any
of these two limiting cases. These challenging materials are generally very anisotropic, either quasi
one-dimensional or quasi two-dimensional, and in addition their electrons interact strongly but not
enoughto be completely localized. High temperature superconductors and certain organic conduc-
tors fall in the latter category. This paper discusseshow the e ect of low dimension leadsto new
paradigms in the one-dimensional case (Luttinger liquids, spin-charge separation), and indicates
some of the attempts that are being undertaken to dewvelop, concurrently, new methodology and
new concepts for the quasi-two-dimensional case,especially relevant to high-temperature supercon-

ductors.

I. INTR ODUCTION

Quantum medanics and statistical medanics have
provided us with the tools to understand the behavior
of bulk matter. Nevertheless,except in the casewhere
particles are independen, the problem of treating 10?3
electronsis unmanageableby brute force application of
the basic laws. A few concepts, and their mathemati-
cal implementation, were neededto enableus to dewelop
both the qualitativ eand highly quantitativ etheoriesthat
nowadays explain the electronic and magnetic properties
of solids. The computer revolution is in part the out-
come of this understanding and of the massiwe experi-
mental e ort dewted to cortrolling semiconductingand
magnetic materials, which are the basic elemers of tran-
sistors, magnetic storage materials and other pieces of
basic hardware.

What is there left to do then? All thesesuccessemay
seemto indicate that we have the tools to understand
the electronic and magnetic properties of any piece of
solid matter. This is not so. This short overview, writ-
ten primarily for the student with a rst coursein Solid
State Physics, will summarize the traditional views of
Solid State systems and move on to shonv how these
views fail in a large class of materials. As we will see,
high-temperature superconductors are one of the most
famous examples of materials begging for understand-
ing. But there are others. And the mysteries lay not
only in the origins of the superconductivity itself, but
alsoin normal state properties that one would have ex-
pectedtraditional Solid State Physicsto explain. In fact,
the failures of presen day Solid State theory provide an
intellectual challenge of the highest level. The Physics

of strong electron-electroninteractions and of systemsin
low-dimensionalspacegone or two dimensions)is what is
at stake. New conceptshave already emerged. For exam-
ple, we know now that in one dimension, single-electron
momertum statesarevery bad represetations of the true
eigenstateswhich are, instead, collective charge and spin
excitations. In other words, in a one-dimensionalsolid,
the electron splits into its spin and its charge degreesof
freedom. This concept of spin-charge separation is only
one example of the kind of new ideas, and correspnd-
ing tools that needto be deweloped. The closeinterplay
betweenexperimertal facts and the developemert of new
gualitativ eideas,aswell asthe occasionalneedfor heavy
mathematical and numerical artillery , are characteristics
of the eld that we alsowish to illustrate.

Although there is a vast number of topics in strongly
correlated electron Physics, some of which have already
led to Nobel Prizes, we will concertrate on those topics
that we haveworked on andthat are closelyrelated to the
high-temperature superconductors, the subject of this is-
sue of Physics in Canada. We rst recall the standard
approades, shov experimental results that are unexpli-
cable within thesesthemes,brie y give generaltheoreti-
cal argumerts that tell us why the standard approadces
are expected to fail in these casesand conclude with re-
marks on theoretical models and new methods that are
being deweloped. In a nutshell, it should be clear at the
end of this review that \Strongly Correlated electrons”
refersto arather broad classof problemsoriginating basi-
cally from either strong interactions or singular scattering
processesn low dimension.



FIG. 1. Band structure of La,CuQOy, taken from Ref. [1]

Il. THE STAND ARD APPR OACHES:
QUASIP ARTICLES AND LOCALIZED  SPINS

The groundwork for successfultheories of the elec-
tronic and magnetic properties of solids began in the
early days of quantum medanics. Bloch's theorem ex-
plained why single-electroneigenstatesin periodic arrays
are plane-wavelik e and can be described by a wavewvector
and an other quantum number, calledthe band index. In
the caseof magnetic insulators, the so-calledHeiserberg
model described the interactions of localized electrons
interacting with ead other through their spin degrees
of freedom. These two dramatically opposite points of
view, of delocalizedvs localizedelectrons, have beenuse-
fully deweloped and applied to dierent types of mate-
rials. The presen section illustrates the main concepts
that have emerged.

the Fermi surface and Fermi
liquid theory

A. Quasiparticles,

A mean-eld (i.e. average)treatment of interactions
leads to a picture where the many-electron wavefunc-
tion is simply an antisymmetrized product (becauseof
Fermi statistics) of one-particle eigertates of the type
described by Bloch. The best available method to ob-
tain theseone-particle eigenstatestoday is the local den-
sity approximation (LD A), a method basedon \density
functional theory". The 1998 Nobel Prize in Chemistry
was awarded for the dewelopmert of the latter approac
[4]. Fig. 1 givesthe single-particle eigenenergiegesult-
ing from a LDA calculation for a compound in the high-
temperature superconductor family, La,CuQOy4: The hor-
izontal axis represems wavevector along di erent direc-
tions and the di erent curves for the samewavevectors
represen the bands. The zero-temperature many-body
state is built by lling-in the lowestenergy states, follow-

ing the constraints of the Pauli principle, until all elec-
trons are accourted for. Hence, one would expect that

one can draw a surface, in wavewvector space,that sep-
arates lled from unlled states. That is the so-called
Fermi surface. When bands are either completely lled

or completely empty, one hasan insulator (or a semicon-
ductor when the energy gap between the highest lled

band and the lowest empty band is not too large). Oth-
erwise, there are zero-energyexcitations and the system
conducts. Given that the last lled level in a metal lies
in a band that spreadsover a few eV in energy room
temperature (1/40eV) correspnds to energiesthat are
minusculeon that scaleand henceoften beyond the pre-
cision of LDA calculations. Nevertheless,thesesmall en-
ergiesare often large enoughto play an essetial role in
the obsenable properties of the system.

Supposewe put badk the interaction, i.e. we compute
matrix elemers of the full Hamiltonian in the basisob-
tained from the LDA calculation. The Hamiltonian in
that basis contains residual interactions between quasi-
particles. Even if we cannot in practice carry out this
program, the general form of the Hamiltonian is pretty
clear on the basisof general considerationsand on sym-
metry argumerts. The residual interactions should be
short-range since the LDA bands have taken screening
into accoun for the most part. Furthermore, a wavefunc-
tion made of a single antisymmetrized product of states
is not an eigenstateof the Hamiltonian that includesin-
teractions. In a physical picture, particles scattero ead
other, changing momerntum and band quantum num-
bers. Howewer, the Pauli principle strongly constrains
phase spacefor nal states. In fact, it can be proven
to all orders in perturbation theory (assuming that it
converges,which is not the casein one dimension or for
strong interactions) that evenin the presenceof electron-
electron interactions, the single-particle excitations near
the Fermi surface are well described by a single-particle
picture. Theseexcitations are called quasiparticles. This
is the rst stepin the so-calledLandau Fermi liquid the-
ory of metals. However complicated the band structure,
the arguments given above suggestthat for low-energy
fermionic excitations, only the band near the Fermi sur-
face is relevant, giving a conceptual framework to un-
derstand wide classesof materials. What will change
from one material to the other is the e ective mass of
the excitations, or more generally, details of their energy
dispersion, but the qualitativ e picture is quite universal.

Nowadays, one can seethe quasiparticles experimen-
tally in a rather direct manner. Indeed, syndirotron
radiation has given us X-ray sourcesthat are power-
ful enoughto do Angle Resoled Photoemission Spec-
troscopy (ARPES). In these experimernts, it is possible
not only to measurethe energy of the outgoing electron,
it is also possibleto resolwe its momertum parallel to
the surface, which is consened when the electron is ex-
tracted by the X-ray from the material. For a system
where energy eigenstateshave a strong two-dimensional
nature, that is all the quantum numbers that we need.



FIG. 2. ARPES spectraofl T TiT e, takenfrom Fig. 1
of Ref. [2]

Fig. 2 preserts the results for a compound that behaves
as expectedfrom the quasiparticle picture. The dierent
curves correspnd to dierent momernta. They give on
the vertical axis a quartity proportional to the proba-
bilit y, times a Fermi function, that an electron of given
momertum has the energy indicated on the horizontal
axis. As onemovesin the various directions of wavevector
space,onereadiesa point where the maximum intensity
is very near zeroenergy(14:75° onthe gure). The e ect
of the Fermi function is that for a probabilit y that would
be maximum at zero energy the obsened maximum is
slightly below zero energy At zero energy the obsened
function is smaller than the value it would have had but
it still has sizeableweight. In this way, one can thus
map the wavevectors where there are no-longer electrons
to photoexcite. This is the Fermi surface (Fermi line in
d = 2). If there were no interaction between electrons,
there would be only one energy allowed for a given mo-
mentum state. Clearly, here the probability for a given
momertum is certered at a wave-vector-dependert po-
sition but it is nonvanishing for seweral energies. The
width in energy for a given momertum cannot be ac-
cournted for simply by experimental resolution. Its exis-
tence is expected from the fact that quasiparticles have
a lifetime. One can also chedk from the gure that the
width in energyis becomingnarrower as one approaces
the Fermi surface. Also, although this is not shavn here,
at the Fermi surface the width decreasesrapidly with
temperature (lik e T2).

B. Thermo dynamics of the Fermi liquid,
transitions

and phase

So much for single-particle properties. What happens
when one measuresthermodynamic quartities suc as
the magnetic susceptibility or the speci ¢ heat? One is
not adding or removing new particles in the system. The
external probe is just emptying occupied stateswhile II-
ing unoccupied states: It is creating particle-hole excita-
tions. In that case,Landau Fermi liquid theory predicts
that the interactions have a mean- eld-lik e e ect that
modi es the predictions one would obtain for noninter-
acting particles. For example, the speci c heat is linear
in temperature and proportional to the density of single-
particle excitations, like in a free electron gas. The spin
susceptibility should then be temperature independen,
like the Pauli susceptibility of free electrons, and, in a
naive picure, it should also be proportional to the den-
sity of single-particle excitations. In reality, Fermi lig-
uid theory tells us that there is an enhancemen factor
(1+ F@) '; whereF2 is a measureof the interaction:

Interactions, quite generally, are the cause of phase
transitions. The caseF& = 1 above correspnds to
1+ F& ! = 1 : which meansa divergen static spin
susceptibility. That is a clear signal for the onset of fer-
romagnetism. The ferromagnetic state breaks spin ro-
tational invariance. Another example of phase transi-
tion causedby interactions, is the superconducting tran-
sition, which breaks global gaugeinvariance. This is dis-
cussedfurther by J. Carbotte in this issue. The origin
of the interactions leading to phase transitions may be
quite subtle. For example, in the caseof convertional
superconductors, the retarded electron-phonon interac-
tion leadsto an e ectiv e attraction between quasiparti-
clesthat is ultimately responsible for the superconduct-
ing state. Finding and characterizing all possible states
of matter causedby interactions is a eld of endeaour
in itself.

C. What about the Heisen berg mo del?

While band theory works well with most materials with
only s and p derived bands, in certain casesmostly with
d and f electron materials, it is totally inappropriate.
One of the most famous examplesis V,03: The band
structure predicts it should be a metal. Instead, at low
pressureand low temperature it is an antiferromagnetic
insulator. In other words, electrons do not move (that
de nes the insulator) unlessthey are kicked really hard,
and spins, on the other hand, order in an up-down pat-
tern on alternating sites (that is called an antiferromag-
net). As we shall discussmore later, this failure of band
theory comesfrom the fact that interactions in thesema-
terials are larger than kinetic energye ects, leadingto a
breakdown of perturbation theory. In the jargon, this isa
\strong coupling" e ect. Despite the di culties of deriv-
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FIG. 3. Electrical resistivity asfunction of temperature for
two members of the (TMTTF) ,X series. Inset: Tempera-
ture-dependert spin susceptibility, from Ref. [5].

ing from rst principles the Hamiltonian in the reduced
Hilb ert spaceinvolving only spin degreesof freedom of
the last lled states, again one can usegeneralsymmetry
principles to write down model Hamiltonians. Solving
theseis a non-trivial task that has been successfullyac-
complished by many people for many yearsin the eld
of magnetism. Numerousneutron scattering experiments
have veri ed in details the predictions of thesemodelsin
many cases.

I1l. EXPERIMENT AL EVIDENCE FOR
FAILURES OF STAND ARD SOLID STATE
THEOR Y IN LO W-DIMENSIONAL
CONDUCTORS.

What do we mean by low dimensional conductors? In
practice they can be formed, for example, by organic
molecules stacked onto ead other, or by copper oxy-
gen planes separated by ions, as in the case of high-
temperature superconductors. Despite the horrendous
complexity of these structures, the Pauli principle and
the general argumerts given above tell us that for low-
energy Physics we can concerrate only on the LDA
bands that are very closeto the Fermi energy It turns
out that, in many realizable casesthere is only one such
band. Furthermore, the eigenstatesin that band may
turn out to bevery di erent depending on which axis one
is looking from. In thesevery anisotropic casesiit is asif
electrons moved preferertially in one or two dimensions,
the latter being the casefor the high-temperature super-
conductors. Let us seewhat non-Fermi liquid Physics
canarisein the d= 1 and d = 2 cases.

FIG. 4. Temperature dependenceof (T:T) * ( )and T, !
() for TTF[Ni(dmit) 2].. The continuous line corresponds to
the Luttinger liquid prediction, from Ref. [7].

A. One dimension: spin-c harge separation in the

organics

When electrons of opposite momertum are con ned
to move in one spatial direction, they cannot avoid eath
other and their interaction will bein someway enhanced
in comparisonwith isotropic systems. As we will explain
in the theory section, quasiparticles are absent in one
dimension, and one hasinstead a Luttinger liquid where
harmonic collective oscillations of both spin and charge
are the true elemerary excitations.

Herewe presen two clear experimental examplesof the
failure of the quasiparticle picture. Considerthe normal
phaseof the (TMTTF) ,X seriesof quasi-one-dimensional
organic conductors (here, TMTTF standsfor the tetram-
ethylfulv alenemoleculeand X= PFg, Br, ..., for an inor-
ganic monovalent anion) [5]. As shown in Fig. 3, there
ia a clear upturn in electrical resistivity at temperature
T , which depicts a change from metallic to insulating
behavior. Below T , charge carriers becomethermally
activated. In a band picture of insulators, the samether-
mally activated behavior should be presen for spinssince
the only way to create spinsin a band insulator is to ex-
cite quasiparticles acrossthe gap betweenthe lled and
the empty bands. For the compounds showvn in Fig. 3,
spin excitations instead are una ected and remain gap-
less. This is showvn by the regular temperature depen-
denceof the spin susceptibility s at T (inset of Fig. 3).

Among other experimental tools that are quite useful
in probing signs of unusual behavior in low-dimensional
organic conductors is Nuclear Magnetic Resonance,es-
pecially the temperature dependenceof the nuclear spin-
lattice relaxation rate, denotedasT, *. Nuclear and elec-
tronic spinsbeing coupledthrough the hyper ne interac-
tion, the measuremen of T, * can give valuable informa-
tion about electronic spin excitations. While (T,T) ! is
temperature-independert in a Fermi liquid, the correct
theory in one dimensionfor (T;T) ! takesthe form [6]:



(TaT) t=CiTN 1+ Co 2(T); 1)
where the exponert K 0 stands for the sti ness'
constart of collective charge degreesof freedom. It
givesrise to a power-law enhancemen of (T1T) !, which
comes from antiferromagnetic spin correlations. For
one-dimensionalinsulating compoundslike (TMTTF) X,
chargedegreesof freedomare frozensothat K = 0. The
resulting behavior T, L c+Cy 2 turns out to bein-
variably found in all these insulating materials down to
low temperature, where three-dimensional magnetic or
lattice long-rangeorder is stabilized [6]. Among the very
few quasi-one-dimensionalbrganic materials that do not
show long-range ordering, the caseof TTF[Ni(dmit) 2].
is interesting [7]: This system remains metallic down
to very low temperature and a power law enhancemenh
(K 0:3) of (T, T) ?!is maintained from 300K down to
1K or so (Figure 4).

B. Tw o dimensions: The pseudogap.

We have already shavn the band structure of La,CuOq4
in Fig. 1. The last occupied band is essetially a lin-
ear combination of copper and oxygen orbitals corre-
sponding to two-dimensional (planar) arrangemens of
CuO, atoms. Thus, one expects that electrons relevant
for transport are essetially con ned to two dimensions.
This is conrmed by the highly anisotropic transport
properties of these materials, as discussedby T. Timusk
in this issue. The Fermi level crossesthe last occupied
band, so we expect a metal.

But in reality, La,CuQ, is an antiferromagnetic in-
sulator! This is becauseof strong interactions. When
La®* cations located away for the conducting planesare
replaced by Sr?* cations, electrons are removed from
the CuO, planesand La, xSr,CuO,4 becomesevertually
a high-temperature superconductor. The generic phase
diagram for high-temperature superconductors appears
elsewherdn this issue. There are many high-temperature
superconductors, and they all have in common CuO,
planes that can be doped. The physical properties of
these planesare quite similar from one compound to the
next. From being antiferromagnetic when there is one
electron per CuO, unit, they become superconductors
when doped with holes(or with electronsin certain com-
pounds). With hole doping, the superconducting T, rst
increases.That is called the underdoped region. Then, a
maximum T, is reached at \optimal doping", decreasing
thereafter in the \overdoped" region.

Let us look at the underdoped regime, above T¢: To
seeif the standard Fermi-liquid approac appliesin this
regime, we resort to ARPES. It is experimentally di -
cult to do ARPES in Lay, Sr,CuO4, so we use results
obtained from the CuO, planes of the so-called Bi2212
high-temperature superconductor. In Fig. 5(a), the solid
line shaws the location of the Fermi line expected from
band structure calculations. Fig. 5(b), illustrates the

FIG. 5. ARPES spectra of O;-reduced Bi,Sr,CaCu,0Os:
taken from Ref. [3]

ARPES spectrum obtained for various wavevectorsalong
the (0;0) to ( ; ) direction. At the wave-vector loca-
tion expected from band structure, one nds the prop-
erties expected for a state at the Fermi surface, namely
at zero energy the photoemissionintensity is a sizeable
portion of the value at the peak position. The surprise
ariseswhen onelooksalongthe ( ;0)to ( ; ) direction,

Fig 5(c). None of the photoemissioncurves has the fea-
tures expected from a state at the Fermi surface. It is as
if the Fermi line had disappeared. This is the co-called
pseudogapphenomenon. It is as if an energy gap had
openedon part of what should have beenthe Fermi line
(hencethe \pseudo" pre x, sincezero-energyexcitations
are left elsewherein wave-vector space). If you think

about it from a quasipatrticle picture, this is completely
crazy. Take an energyband in a two-dimensionalsystem.
The allowed wavevectorscover a nite region of the two-
dimensionalky; ky plane. That is the Brillouin zone. Plot

the energy correspnding to a given wavevector in the z
direction. That givesa singly connectedsurface. Now,

cut this surface by a plane parallel to the ky; ky plane.
The intersection of that plane with the energy surface
can only be of two types. Either it is a line that links

one edgeof the Brillouin zoneto another (or the same)
edge,or it is a closedline inside the zone. The two possi-
bilities can exist at the sametime: In other words, there
may be seweral Fermi lines in the Brillouin zone. But ac-



cording to thesesimple geometrical considerations,there
is no other possibility. If you cover the Brillouin zone
with ARPES measuremets, you nd that in the under-
doped high-temperature superconductorsthe Fermi line
does something worse than disagreeingwith band struc-
ture calculations. It disappearsin thin air! That is a total
no-no in both standard approaches. Rememnber that in
the standard approades, either you have quasiparticles
and there is a Fermi line, or you have an insulator and
there is no single-particle state at all at zero energy
Other manifestations of the pseudogap,expecially in
transport, are discussedelsewherein this issue.

IV. WHY DO THE STAND ARD APPR OACHES
FAIL?

The failure of the standard approacesin low dimen-
sionis not a total surprise from a theoretical standpoint.
On the contrary, for a long time there have been pa-
pers discussingthe peculiarities of low-dimensional sys-
tems. For example, consider the Mermin-W agner theo-
rem, which statesthat a spontaneousbreaking of a con-
tinuous symmetry (e.g. a rotation) cannot occur in low
dimension.

To be more specic on what that means, let us give
an example. In three dimensions, Heiserberg antiferro-
magnetsexist at nite temperature. In two dimensions,
thermal uctuations forbid suc order from occuring at
nite temperature. A rough argumernt for that is as fol-
lows. At long wavelengths,the energy asseiated with a
change in the relative angle between neighboring spins,

; will be proportional to (r )2; or ¢ ¢ q in Fourier
space. The mean square of the local angle is given by
the integral over all wavevectors of h 4 i : Using the
classicalgctuation-dissipation theorem, this meansthat

2 | diq (kg T=cf). That integral divergesloga-
rithmically in two dimensions, which proves ad absur-
dum that long-rangeorder cannot exist. At zerotemper-
ature, the above argumert fails and antiferromagnetic
long-range order may exist. In one-dimension,quantum
uctuations havea similar detrimental e ect and, evenat
zero temperature, antiferromagnetic or superconducting
long-range order doesnot exist.

All this classicaland quantum uctuation businessis
bad news for the quasiparticle approach. Indeed, even
though long-rangeorder doesnot setin, below a temper-
ature of the order of what would have beenthe mean- eld
transition temperature, there are collective modes that
spread over large distances, making the material appear
ordered over large scales. This strongly scatters quasi-
particles, and in someinstancesit may lead to short life-
times, or even to pseudogapphenomena[11].

Somuch for doing all at once. Let us consider rst the
e ects of low-dimensionin weakto intermediate coupling,
and after that the e ects of strong interactions. In weak
to intermediate coupling, things behave very di erently

according to dimension. Dimension still plays a role in
strong coupling, but somestrong-coupling e ects depend
little on spatial dimension.

A. The eects of low dimension in weak to

intermediate  coupling
1. One dimension

General considerations on phase spaceand the Pauli
principle tell us that in high dimension, the scattering
rate of quasiparticlesat the Fermi surfaceis proportional
to (T:EF)Z: Sincethe relative width of the Fermi func-
tion is of order T=Ef ; it makessenseto expect that ther-
modynamic properties will not much bein uenced by the
(T:EF)2 T=Eg width of the quasiparticles. In one
dimension, this argumert fails. The width in perturba-
tion theory is proportional to T, like the Fermi function.
Right from the start, this invalidates the Fermi-liquid
starting point. In addition, responsefunctions divergeas
InT at low temperature. More speci cally, what makes
one dimension so special lies in the shape of the Fermi
surface, which consists of two points ( kg). Electron
and hole statesthat are createdby electron-electronscat-
tering closeto kg lead to elemenary superconducting
(Cooper) and density-wave (2kg electron-hole) pairings;
these are not only singularly enhancedat low tempera-
ture, but their con nement in k spaceproducesstrong
interferencesbetween them that persist to all ordersin
perturbation theory. A striking outcome of this inter-
ferenceis an instabilit y of the Fermi liquid towards the
formation of a quite di erent quantum state calleda Lut-
tinger liquid.

The point of view hasto change completely. The ap-
propriate theoretical tools here bear the name of renor-
malization group [19] or bosonization [8]. They lead to
the same nal picture: It is best to consider spin and
charge collective modes as the elemenary excitations.
In the resulting \Luttinger liquid" picture [9], which re-
placesthe Fermi liquid as a generallimiting casein one
dimension, the spin and the charge of would-be quasi-
particles separate,becomingthe true elemenary excita-
tions that propagateat di erent velocities. Wehaveillus-
trated experimental manifestations of this phenomenon
in organic conductorsin the previous section. The cases
where the compounds were insulators displayed extreme
examples of spin-charge separation. These compounds
have a commensurate band lling and their insulating
behavior is a manifestation of one-dimensionalMott lo-
calisation, a more general topic on which we return in
the discussionon the e ects of strong interactions.



2. Two dimensions

Contrary to the one-dimensional case,the quasipar-
ticle picture does not fail automatically in two dimen-
sions. For example, the compound in Figure 2 is a
two-dimensional Fermi liquid. Theoretically, in two di-
mensionsthere are only weak logarithmic correctionsto
the standard phasespaceargumerts of Fermi liquid the-
ory. Stronger corrections occur when the Fermi surface
has so-callednesting properties [10], or when one erters
a uctuation
The uctuation regime may occur over a broad temper-
ature range in two dimensions, basically from a temper-
ature of the order of the mean- eld transition temper-
ature, all the way to zero temperature. Let be the
length over which the collective mode uctuations are
correlated. In the uctuation regime, the scattering rate
for Iguasiparticles at the Fermi surfaceis proportional to
e dd g+ 2 Y/ T 3 d=:ind = 2; this be-
comes =y, where hve =kg T is the thermal de
Broglie wavelength. Since the correlation length  di-
vergesmuch fasterasT ! 0than y,, this implies a di-
vergert scattering rate. It is dicult to have a stronger
cortradiction of the quasiparticle picture. Physically,
when the correlation length  becomesmuch larger than
the thermal de Broglie wavelength, the quasiparticlesare
moving in a locally ordered badkground. Then a pseu-
dogap, precursor of the T = 0 ordered state, opens up
at the Fermi surface[11]. As temperature decreasesijt
may open on certain segmeis of the Fermi surface be-
fore it openson other segmetts. That is a consequencef
the fact that the scattering rate, proportional to T =vg;
may bevery di erent on di erent parts of the Fermi sur-
face. Closeto half- lling in particular, the Fermi veloc-
ity nearly vanishesat certain points of the Fermi surface
while it is large at other points.

B. The eects of very strong interactions

When interactions are very strong, electronsavoid get-
ting closeto ead other by localizing. When an odd num-
ber of electronsis localizedon eat atom, the charge does
not move and the only degreeof freedom left at low en-
ergy is essetially the spin. Note the corntrast with the
guasiparticle picture where a half- lled band is a metal.
The low energy Physicsin thesesystem, where electrons
are localized by interactions, is then essetially governed
by variations of the Heiserberg Hamiltonian described
above. Many yearsago, Mott imagined what would hap-
pen to a system as the strength of the interaction is
increased. The transition from extended quasiparticle
statesto localizedstates producedby large interaction ef-
fectsis referedto asthe Mott transition. It isa rst order
transition whose Physics has becomebetter understood
in recernt years[12], thanks to the dewvelopemen of cal-
culational methods in the limit of in nite dimension[13].

regime. Let us consider the latter case.
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FIG. 6. Schematic phase diagram of the quasi-2D organic

compound -(ET) 2Cu[N(CN) 2]CI, from Ref. [16]

In the Mott insulator, many properties are not strongly
dependert on dimension,in particular whenthey concern
high energy That is why in nite-dimensional methods
have been useful. Nevertheless, precursor e ects caused
by collective mode uctuations have beenseenin models
of Mott insulators in low dimensions[14]. Thesee ects
do not occur in in nite dimension.

The Mott transition does not break any symmetry,
and it may occur in any dimension. For example, V,03
may exhibit sud atransition, although questionsregard-
ing the e ects of lattice symmetry change and of orbital
degeneraciesare still open [15]. A clearer example of
a Mott transition has been discovered recertly in two-
dimensional organic conductors[16]. The phasediagram
is illustrated on Fig. 6. The systemis half- lled. The
horizontal axis represeis pressure. From a model point
of view, increasedpressuremeanslarger overlap between
atomic orbitals and henceincreasedkinetic energy In-
deed,at low pressureon this diagram, the systemis either
a paramagneticinsulator at high temperature, or an an-
tiferromagnetic insulator at low temperature. At higher
pressure, one crossesa rst order transition that leads
to a metallic state at high temperature and to a d-wave
superconductor at low temperature.

C. And high-temp erature superconductors in all

that?

The high-temperature superconductorsare Mott insu-
lators at half- lling. Doping evertually leadsto a d-wave
superconducting state. Their electronic properties are
also highly two-dimensional, in particular in the under-
doped region. They thus manifest all the complexities
described above. The high energy (100 meV) pseudo-
gap described in Section |11 B above, is likely to be a
strong-coupling pseudogap,in other words a pseudogap
originating from the Physics of doped Mott insulators.
Howevwer, closerto the superconducting phasetransition,
in the more metallic regime, one expects a uctuation-
induced pseudogap. Indeed, in photoemission, one can



often identify a lower energy pseudogapthat seemsto
occur in a uctuation regime. A more detailed discus-
sion appearsin Ref. [17].

V. THEORETICAL METHODS AND
CHALLENGES

One of the most widely studied model Hamiltonians
of correlated electronsis the so-calledone-bandHubbard
Hamiltonian:

X X
H = tij ¢¢g +¢d g +U

<ij > i

ni-Niz @ (2)

In this expression,the operator ¢; destroys an electron
of spin  at sitei. Its adjoint ¢ createsan electron and

the number operatorisde ned by nj = ¢’ ¢ . The sym-
metric hopping matrix t;; determinesthe band structure,
which here can be arbitrary . Occupation of a site by both
a spin up and a spin down electron costsan energyU due
to the screenedCoulomb interaction. This Hamiltonian
is clearly a caricature of reality, but what is important
is that it hasa minimal number of parametersand it al-
lows oneto describe the two limiting casesof delocalized
and localizedelectrons,aswell asthe Mott transition be-
tweenthesetwo limits. Considerthe casewherethe band
is characterized by a singleparametert represeting hop-
ping betweenneighboring sites. At weak coupling, when
U=t 1; one can apply the standard quasiparticle ap-
proach. At strong coupling, when U=t 1, one can
show how this Hamiltonian becomes,at low energy and
half- lling, the Heiserberg Hamiltonian for spins. Hence,
it is a good starting point in both the strong and weak
coupling limits as well as in the intermediate coupling
regime, characteristic of high-temperature superconduc-
tors, where neither of the two standard approaceswork.
At half- lling, the high-temperature superconductorsbe-
comeantiferromagnetic insulators that are well described
by the Heiserberg model. At low energy and away from
half- lling, the Hubbard model becomesa variant of the
so-calledt J model, widely studied alsoin the context
of high-temperature superconductors.

It is hard to know from rst principles if U=t will be
large or small for a given system. But there are heuristic
guides coming from Chemistry and from so-called\con-
strained LDA calculations". In general, the Hubbard
Hamiltonian is an e ective Hamiltonian. It is even use-
ful in somecasesto let U < 0 to study models of s-wave
superconductivity. Despite the fact that the Hubbard
model was proposed almost 40 years ago, it is only re-
certly that it has becometo be understood at interme-
diate coupling and in low dimension. Various methods
have been dewelopped to study this model. In one di-
mension, an exact solution was found by Bethe Ansatz
[18], from which physical information is unfortunately
quite dicult to extract. The linear dispersion of the
one-dimensionalelectron gasin one dimension is at the

root of an analogy with relativistic eld theories which
explains the successof eld theoretic methods like the
renormalization group [19], bosonization [20] and Con-
formal Field Theory [20]. In two and more dimensions,
let us mertion Slave-boson approaces [21], renormal-
ized perturbation theory approades[22], strong-coupling
perturbation expansions[14] and the two-particle self-
consistert approach [11]. Finally, in nite-dimensional
methods have provided a dynamical mean- eld theory
methodology [13] that has been very useful in under-
standing the Mott transition. This approac can also
be extendedto lower dimensions. In d = 2 howewer, the
e ect of antiferromagnetic uctuations are not included
yet in this methodology, which limits somewhatthe ap-
plicabilit y of the method to high-temperature supercon-
ductors.

A major factor for progressis that it is now possi-
ble to do reliable numerical calculations that allow us
to both dewelop physical intuition and ched the validity
of approximation methods. Exact diagonalizations are
possiblein any dimension but are restricted to a small
number of electrons[23]. In one dimension, Density Ma-
trix Renormalization Group [24] has provided a revolu-
tionary method to obtain reliable results. In two dimen-
sions, Quantum Monte Carlo simulations [25] remain a
tool of choice. Sud simulations have allowed us, for ex-
ample, to choosebetween various analytical approaces
that weregiving di erent answersto the pseudogapques-
tion in weakto intermediate coupling [17].

How can we understand electronic systemsthat show
both localized and propagating character? Why do both
organic and high-temperature superconductors showv
broken-symmetry states where mean- eld-lik e quasipar-
ticles seemto reappear? Why is the condensatefraction
in this casesmaller than what would be expected from
the shape of the would-be Fermi surfacein the normal
state? Are there new elemenary excitations that could
summarize and explain in a simple way the anomalous
properties of these systems?Do quantum critical points
play an important role in the Physics of these systems?
Are there new types of broken symmetries? How do
we build a theoretical approach that can include both
strong-coupling and d = 2 uctuation e ects? What
is the origin of d-wave superconductivity in the high-
temperature superconductors? These are but a few of
the basic open questionsleft to answer in this eld.
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