Elastic Scattering of Electrons by Nuclel

® We want to consider the elastic scattering of electrons
by nuclei to see (i) how finite size can be accounted for,
and (i1) how the electromagnetic potential (1/r) Is
converted to a quantum mechanical matrix element.

® The presentation here follows that of Perkins,
Introduction of High Energy Physics, Third Edition,
chapter 6.

® We will start by considering electrons and nuclei as
spinless isolated particles with the nucleus at rest. We
will later consider the nucleus as part of an atom, and we
will review the effects of spin, etc.
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Elastic Scattering of Spinless Electrons
by Nuclel - 1

® In first order perturbation theory, the transition rate is
2
W :7p| Mig |2 ¢
*
where M. =g . (MV(F) (r)dr
-iwist

® Recall, Yi :fie' iWit; y : =f:e

® Thatis, y(f,t) and y,(F,t) are plane waves.
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Elastic Scattering of Spinless Electrons
by Nuclel - 2

® Begin the calculation formally:
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® Given a charge density r (R):

or (R)dR =1
Ze? 1 (R)
4p It - R|
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Elastic Scattering of Spinless Electrons
by Nuclel - 3

® Just a bit of algebra gives:

72 , ol X7 - R)
=——F(Q)o——=-0dr
4p @ )Olr- RI

where we have defined the elastic scattering form factor

F(g?) = o ®Rr (R)dR
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Elastic Scattering of Spinless Electrons

by Nuclel - 4

® with 8° r- R, and a the polar angle betweenS and g

Mif =

January 23, 2001

Ze’ e'45c0%3 »on xs?dsd cosa

EF(Q) <

/
76 F(q%)osdspe'®°® xd cosa

Ze _sds(se'® - e 1%)
F(q )O s

762 2SN Qs
—F(CI )O qq ds
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Elastic Scattering of Spinless Electrons
by Nuclel - Add Atomic Screening

® The term which depends on the nature of the potential:

\qunqsds

diverges as q2 ® 0 so we say that the range of the
electromagnetic potential is infinite.

® Atoms have clouds of electrons as well as nuclei, and the
effect is to modify the electric potential:

Var) =e "av(r)

and the exponential factor is referred to as screening.
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Elastic Scattering of Spinless Electrons
by Neutral Atoms -1

With the screening potential, the matrix element becomes:

2)\eiq>(r- R) " r/adr
° T F- R

2
Ze
Mg =—F
it Ap (q

The charge density r(ﬁ) IS significantly greater than zero
only for | R|~ O(10 ¥ cm).

Therefore e IF- Rifa _ e S/a® e r/a.

recall that a~O(10 3cm).
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Elastic Scattering of Spinless Electrons
by Neutral Atoms -2

2 iqscosa - s/a 2
Ze 2 xe X2p *s“=dsd cosa
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Elastic Scattering of Spinless Electrons
by Neutral Atoms -2
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Elastic Scattering of Spinless Electrons
by Neutral Atoms -3
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Elastic Scattering of Spinless Electrons
by Neutral Atoms -4

® ror g >>1/a%,

Ze? xF(q°)

q2

® When is g°>>1/a°?

k=#hc/a hc=197MeVxm=197MeV ~ 10 cm

197MeV = 10 83cm
10'8 cm

~27 10 3MeV = 2keV

a=10%cmpb k=
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Form Factors and Central Potentials

® We can use the same formalism for and central potential
that we used for the 1/r potential, and the form factor
will emerge again as a factorizable term.

V(F) = or (R)V(F - R)dR
M = @e P r (R)V(r - R)dRadr
= 5™ r (R)dR 0™ Rly(r - R)dr

= F(g?) e %% v/ (s) ss’ds xdf xd cosa
2sn(Qs) s

= F(q°)2p osV(s)
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The Finite Rutherford Proton - 1

When scattering spinless electrons from protons, we found
that for g°>>1/ a°

Ze? xF(q°)

q2

Mif ®

Using the notation
electron + nucleus —» electron + nucleus

Pe at rest Pe P

With the assumptions that (i) the recoiling nucleus is non-
relativistic, and (i) that the nuclear recoil momentum is
small compared to the momentum of the incident electron:

P& =0 <<Ppe
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The Finite Rutherford Proton - 2

® One can approximate

o” = 2p¢ - 2pf cosq = 4pZsin’

so that
ds 2% 1 ap)F(c®)]
dw  4apZsin*(q/2)
2p xdg”
-

® with dW=2p xd(cosq) =

e

- 2

ds 4pa‘“Z’ F(qZ)L
— '4

dg? g
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Point-like Elastic Scattering - 1

Rutherford Scattering - non-relativistic qguantum
mechanics, first Born approximation, no spin or magnetic
moments.

Mott Scattering - spin 1/2 electrons, spin O protons,
single photon exchange

Dirac Scattering - spin 1/2 electrons, spin 1/2 protons,
point-like ® m, = eh/2mpc, single photon exchange.
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Point-like Elastic Scattering - 2

® Rutherford Scattering:
éds § _ Z%(e°/4p)°
CAWH-  1n2and
&Wgr  4pgsin®(q/2)
® Mott Scattering:

® Dirac Scattering:

gdsy _éds . N ,
e TEM ] 2
gdWip  EdWi f o 2m
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® Rosenbluth extends the Dirac formula to a finite proton:

where

Ge (0)=
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Rosenbluth Scattering -1

gas §j _éds

&dWirs  8dWiiw

\ S .
1562+ 9 g2 0 i
Q E 4 2 . 2

1 Mo 7, 9 - 262 * tan?( Jot
| C 2 - M q )y
iC g -~ 4mp

e a3 _._
f Mo h

Ge = Ge(d°); Gy =Gu(q®)  and
1, G (0)=0; Gy, (0)=279 Gy (0)=-1.91
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Rosenbluth Scattering -2

® To extract the form factors, one may fix q2 and
vary the scattering angle.

2= A+ B(q") tan?a)

&S §
adWg,

0.03 |~ }

do
(;6) Mott
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Ve T —
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| 1 | | | J
02 04 0.6 08 1.0

tan2 10

Figure 64 The electron-proton scattering cross-section plotted for fixed ¢* and different
scattering angles 8 (Rosenbluth plot). (After Weber (1967).)
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Rosenbluth Scattering -3

Experimentally, the form factors obey a simple scaling law:

GR(e) = CM(@) _ Gu(a”),

Nr~2\ —
E J GE (q ) =0
m, m),
n
) GE j S
Gh/u, 4 V‘ﬁ 1
. \‘H | g T
& \}} / (1 + ¢%/0.71) - ? %\i\
0.001 ; l é 1|0 — 0,001 | |
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